In this paper, we list all cyclic automorphisms subgroups H for which there exists a smooth projective non-hyperelliptic sextic curve C with H Aut(C). Furthermore, we attach to each group a defining equation of a plane sextic curve having exactly this group as cyclic automorphisms subgroup. These equations cover up to isomorphism all plane non-singular sextic curves having some nontrivial automorphism.
Introduction
At the beginning of the 19th century, a vast literature on automorphism groups of algebraic curves has been found by Schwartz, Klein [11] , Hurwitz [9] , Wiman [19] , [20] and others, we refer for example to [5] . However, most of the literature is quite recent.
By covering space theory, a finite group G acts (faithfully) on a genus g curve if and only if it has a genus g generating system. Using this purely group-theoretic condition, Breuer [6] used the computer algebra system GAP [18] with major computational effort and classified all groups that act on a curve of genus ≤ 48. It greatly improved on several papers dealing with small genus, by various authors.
In [14] , Magaard and other authors studied the locus of genus g ≥ 2 curves that admit a finite group G-action of given type. Furthermore, they studied the locus of genus g curves with prescribed automorphism group G. In other words, they classified these loci for g = 3 (including equations for the corresponding curves), and for g ≤ 10 they classified those loci corresponding to large G.
In [2] , [3] , the present authors used automorphism groups' actions to classify and investigate the geometry of 1-Weierstrass points on certain families of genus 3 curves, called Kuribayashi quartic curves.
In [4] , we computed the 1-gap sequences of 1-Weierstrass points of non-hyperelliptic smooth projective curves of genus 10. Furthermore, the geometry of such points is classified as flexes, sextactic and tentactic points. Also, an upper bounds for their numbers are estimated.
The present paper is organized in the following manner. In section 1, we survey some of known results about the Aut(X g ), where X g is a compact Riemann surface of genus g. In section 2, we establish our main results Theorems 2.1 that concern with the list of cyclic automorphisms subgroups H for which there exists a smooth projective non-hyperelliptic sextic curve C with H Aut(C). Finally, we conclude the paper with some remarks, comments and related problems.
Preliminaries
In this section we mention some well known facts about the full automorphisms group of a compact Riemann surface X g . For more details, we refer, for example, to [5] , [14] .
It was first proved by Schwartz that Aut(X) is a finite group. Moreover, the group Aut(X g ) acts on the set W P (X g ) of Weierstrass points of X g . This action is faithful unless X g is hyperelliptic, in which case its kernel is the group of order 2 containing the hyperelliptic involution of X g . Let K be the projective quartic curve defined by
which is now known as Klein's quartic. F. Klein [11] found all its automorphisms which is the simple group of order 168. Fuchsian groups are basic for the analytic theory of Riemann surfaces, they have been used heavily in the study of Aut(X g ). They have been introduced by Poincaré in 1882, for more details, we refer for example to [6] , [16] .
The next milestone was Hurwitz's seminal paper [9] in 1893, where he discovered an upper bound on Aut(X g ), which is known by Riemann-Hurwitz formula. From which he derived that
Curves which attain this bound are called Hurwitz curves and their automorphism groups Hurwitz groups. For example the Klein's quartic is a Hurwitz curve. Let N(g) denotes the maximum of the |Aut(X g )| for a fixed g ≥ 2. Accola [1] and Maclachlan [13] independently show that N(g) ≥ 8(g + 1) and this bound is sharp for infinitely many g's. Moreover, N(g) ≥ 8(g + 3) if g is divisible by 3.
Let m be the order of an automorphism of X g . Hurwitz [9] showed that m ≤ 10(g − 1).
In 1895, Wiman improved this bound to be m ≤ 2(2g + 1) and showed this is best possible. If m is a prime then m ≤ 2g + 1. Homma [10] shows that this bound is achieved if and only if the curve is birationally equivalent to
A subgroup G of Aut(X g ) is said to be a large automorphism group in genus g if
So that, the quotient of X g by G is a curve of genus 0, and the number of points of this quotient ramified in X g is 3 or 4 (see [6] , [8] ). Singerman [17] shows that Riemann surfaces with large cyclic, Abelian, or Hurwitz groups are symmetric (admit an involution). Kulkarni [12] classifies Riemann surfaces admitting large cyclic automorphism groups and works out full automorphism groups of these surfaces. Matsuno [15] investigates the Galois covering of the projective line from compact Riemann surfaces with large automorphism groups. Finally, it should be mentioned that algebraic curves of genus 10 can be embedded holomorphically and effectively on algebraic curves of degree 6.
Main theorem
The idea to obtain the results is to use a cyclic subgroup H of order m, H Aut(C), in order to obtain a model equation for C. It should be noted that we apply the same process used by Dolgachev in [7] . Theorem 2.1. Let ϕ be a non-trivial automorphism of order m of a smooth projective non-hyperellptic sextic curve C : F (X; Y ; Z) = 0. Let us choose coordinates such that the generator of the cyclic group H =< ϕ > is represented by the diagonal matrix
where, ξ m is a primitive m-th root of unity. Then F (X; Y ; Z) is in the following list:
where L i,B denotes a generic denotes a homogenous polynomial of degree i with variables different from the variable B.
Proof. Let C be a non-singular plane sextic curve (i.e. with degree≥ in each variable) and let ϕ act by (X :
. Now, we have two cases, either ab = 0 or ab = 0. In the following we treat each of these cases.
Case I: Suppose first that ab = 0. One can assume without loss of generality that a = 0, (otherwise with the change of variables Y ↔ Z we should obtain the same results). Write:
and we get Type 5, (0, 1).
and we get Type 2, (0, 1). If m = 3, then
and we get Type 3, (0, 1). If m = 6, then
and we get Type 6, (0, 1).
Case II: Suppose that ab = 0. We can suppose that a = b and g.c.d(a, b) = 1 (otherwise by scaling we could reduce to the first situation). Then necessarily m > 2. Let P 1 = (1; 0; 0), P 2 = (0; 1; 0), and P 1 = (0; 0; 1) be the reference points. Consequently, we have the following four subcases:
i. All reference points lie in C,
ii. Two reference points lie in C,
iii. One reference points lie in C, iv. None of the reference points lie in C.
• If all reference points lie in the smooth plane sextic curve C, then the possibilities for the defining equation are now:
It is obvious that B i cannot appear in L 1,B j whenever j = i, where
Hence, by change of the variables X, Y and Z, we can assume that
The first three factors implies that a = 5a+b = 5b (mod m). Therefore, m = 3, 7 or 21. If m = 3, then we can take a generator of H such that (a, b) = (1, 2). By checking each monomial invariance, we obtain Type 3, (1, 2).
If m = 7, 21, then we can take a generator of H such that (a, b) = (1, 3), (4, 5) respectively. By checking each monomial's invariance, we obtain that no other monomial enters C. Thus, we get Type 21, (4, 5) in the table.
• If two reference points lie in the smooth plane sextic curve C, then by re-scaling the matrix ϕ and permuting the coordinates, we can assume that (1; 0; 0) / ∈ C. The equation is then:
since L 1,X is not invariant by ϕ (ab = 0). Moreover, Z 6 and Y 6 are not in L 6,X by assumption only (1; 0; 0) / ∈ C.
Assume first that Y 5 Z and Y Z 5 are in L 6,X . Then, 5a + b ≡ 0 (mod m) and a + 5b ≡ 0 (mod m), so that, m|24.
If m = 24, then we can take a generator of H such that (a, b) = (1, 19) . Now, by checking each monomial's invariance, we get that no other monomial enters
Hence, we obtain Type 24, (1, 19) in the table.
If m = 12, then we can take a generator of H such that (a, b) = (7, 1). Again,
consequently, we obtain type 12, (7, 1).
If m = 8, then we can take a generator of H such that (a,
Moreover no other monomial enters C. Thus, we get Type 8, (1, 3) . If m = 4, then we can take a generator of H such that (a, b) = (1, 3) . Thus, by checking each monomial's invariance, we get that L 3,X = L 5,X = 0 and • If one reference points lie in the smooth plane sextic curve C, then by normalizing the matrix ϕ and permuting the coordinates, we can assume that (1; 0; 0), (0; 1; 0) / ∈ C. We can write
Also, by non-singularity, we have that Z 5 ∈ L 5,X , then 6a ≡ 0 (mod m) and 5b ≡ 0 (mod m). So that, m = 10, 15 or 30.
If m = 10, then we can take a generator of H such that (a, b) = (5, 2). Thus, by checking each monomial's invariance, we get that the monomials
0. Hence, we obtain Type 10, (5, 2). If m = 15, then we can take a generator of H such that (a, b) = (10, 9). By checking each monomial's invariance, we get that no other monomial enters L 5,X . Moreover, L 2,X = L 4,X = 0 and the monomial Z 3 X 3 is invariant under ϕ.
Consequently, we obtain Type 15, (10, 9) in the table.
If m = 30, then (a, b) = (5, 6). By checking each monomial's invariance, we get that no other monomial enters C. Thus, we obtain Type 30, (5, 6) in the table.
• If none of the reference points lie in the smooth plane sextic curve C, then the possibilities are
where L 1,X does not appear since ab = 0. Clearly, 6a = 6b = 0 (mod m), therefore m = 6. We can take (a, b) = (5, 1), and (5, 2). Thus, we obtain only (up to isomorphism) the two types 6, (5, 1) and 6, (5, 2). This completes the proof.
Concluding remarks.
We conclude the present paper with some remarks and comments.
• It should be noted that, the equation F (X; Y ; Z) that we attach to some concrete type in Theorem 2.1 can have another type for some special values of the parameters. For example, Type 15; (10, 9) with α = 0 has Type 30, (5, 6); another example is Type 3, (0, 1) with L 3,Z = 0 has Type 6, (0, 1).
• The main theorem constitute a motivation to solve more general problems. One of these problems is the determination of the non-trivial groups G that appear as the full automorphism group of a non-hyperelliptic genus 10 curve over an algebraic closed field of characteristic zero. However, this problem will be the object of a forthcoming work. Another problem is using the results done in [4] to investigate the geometry of higher order and multiple Weierstrass points of a certain families of genus 10 curves with parameters.
